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Abstract
In a three-dimensional Riemannian manifold M that admits a unit Killing vector field
ξ, we regard ξ as a magnetic vector field. A magnetic Hopf surface is a surface obtained
by Lie dragging the magnetic curve with ξ. Then we characterize Sasakian structure on
M from magnetic Hopf surfaces. That is, we show that if an arbitrary magnetic Hopf
surface is a constant mean curvature surface then M is a Sasakian manifold.
1 Introduction
If one observes trajectories of charged particles in a magnetic field in a Riemannian manifold,
one can obtain information of both the magnetic field and geometry of the manifold. In this
paper we discuss such an attempt for a static magnetic field in three dimensions in simple
mathematical settings.
A magnetic field in a Riemannian manifold (M, g) is defined as a closed 2-form F . By the
use of F , the (1, 1)−type tensor field φ is defined by g(X,φY ) = F (X, Y ), and the Lorentz force
that works on a particle of velocity v and charge q is given by qφ(v). An affine-parametrized
trajectory c(t) of the charged particle satisfies the differential equation ∇c˙c˙ = qφ(c˙), which is
called a magnetic curve for the magnetic field F .
On a given manifold and a given magnetic field, a magnetic curve depends on both the
geometry and the magnetic field. However, if we consider the magnetic field that is tied
uniquely to the geometry of a manifold, a magnetic curve is essentially governed by the ge-
ometry. The magnetic curves for such a magnetic field are useful probes for investigating the
geometry of manifold. There are well known examples for such cases: Ka¨hlerian magnetic field
on a Ka¨hlerian manifold, where we regard the Ka¨hler form as a magnetic field and Sasakian
magnetic field on a Sasakian manifold, where we also define the magnetic field by using the
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Sasakian structure. The magnetic curves were studied in the Ka¨hlerian magnetic field [1–3],
and in the Sasakian magnetic field [4, 5].
An importance of Ka¨hlerian and Sasakian manifolds is recognized in physics. Ka¨hlerian
manifolds play an important role of Super symmetric field theory and compactifications of
extradimension. And five-dimensional Sasakian-Einstein manifolds are important in context
of AdS/CFT correspondence [6, 7]. In recent years, the significance of the Sasakian manifold
has been revisited from the mathematical side.
In general, we might not be able to uniquely determine both a manifold and a magnetic
field by information of magnetic curves. However, we can characterize a Sasakian manifold
and a Sasakian magnetic field by magnetic curves since the geometry of manifold and the
magnetic field are essentially identical. Infact, it is shown that if any magnetic curves in the
contact magnetic field of a three-dimensional contact metric manifold are slant helices then
the manifold is a Sasakian manifold( [4] Theorem 5.3). The aim of this paper is giving another
characterization of the Sasakian manifold.
We consider a three-dimensional Riemannian manifold (M, g) admits a unit Killing vector
field ξ, and regard ξ as the magnetic vector field. This magnetic vector field is a generalization
of a translation invariant magnetic vector field in the three-dimensional Euclidian space. In this
setting, we investigate the condition for magnetic curves that specify the Sasakian manifold.
On three-dimensional manifolds, we can simplify the problem since we can identify a
magnetic 2-form field and a magnetic vector field. Moreover, we use the Killing submersion
as a tool effectively. The Riemannian submersion pi : M → B whose fibers are integral curves
of a unit Killing vector field is called a Killing submersion [8, 9] The remarkable geometric
property of the three-dimensional Riemannian manifolds that admit a unit Killing vector field
ξ is that the sectional curvature of arbitrary planes containing ξ depend on only an integral
curve of ξ [8, 9] This fact is useful in our study since existence of a unit Killing vector field ξ
and constancy of sectional curvature of planes containing ξ are equivalent to being a Sasakian
manifold in three-dimensional Riemannian manifolds.
For characterization, the geometric object that we focus on is the magnetic surface that is
an alternative of magnetic tube. A magnetic tube is constructed by an arbitrary closed curve
and magnetic field lines. The magnetic surface is a certain generalization of magnetic tube.
To define magnetic surface, we use magnetic curve instead of closed curve, i.e. the surface
which is constructed by a magnetic curve and magnetic field lines. A magnetic surface can be
a ”tube”. As a main result of this paper, we show that if an arbitrary magnetic surface has
constant mean curvature then the manifold has a Sasakian structure.
The organization of this paper is following. In Section.2, we sammarize some definitions
and facts in magnetic field, magnetic curve, Sasakian manifold, Riemannian submersion and
Killing submersion. In Section.3, we prove our result.
2
2 Preliminary
2.1 Magnetic Fields and Magnetic Curves
In a Riemannian manifold (M, g), a magnetic field F is a closed 2-form. There locally exists
a 1-form A, called an electromagnetic potential, such that F = dA. The tensor field φ of
(1, 1)−type is defined by g(X,φY ) = F (X, Y ) for arbitrary vector fields X, Y . Then φ gives
the Lorentz force in the physical terminology.
An affine-parametrized trajectory c(t) of charge q is described by the equation
∇c˙c˙ = qφ(c˙). (2.1)
This curve is called a magnetic curve for the magnetic field F . The speed of a magnetic curve
||c˙(t)|| is constant. A magnetic curve of unit speed and unit charge is called a normal magnetic
curve.
Since a magnetic curve is a generalization of geodesic, one can consider the Jacobi field
and completeness for magnetic curves as same as the geodesics [13] Let γv0(t) be a magnetic
curve of initial velocity v0 and unit charge for a magnetic field F . We should note that
γv0(t) = γav0(t/a) dose not hold for a(6= 1) ∈ R. This is because physically the magnitude
of Lorentz force depends on the speed of a charged particle. If γv0(t) is a magnetic curve
of a magnetic field F then γav0(t/a) is the magnetic curve for the magnetic field aF or the
magnetic curve of charge 1/a for the magnetic field F .
Considering this circumstances, for fixed F the magnetic exponential map Fexp is defined
as follows. For an arbitrary point p ∈M the magnetic exponential map from a neighborhood
V of TpM containing op to a neighborhood U of p, Fexpp : V → U , is defined by
Fexppv :=
γv0(||v||) if v 6= 0p if v = 0 (2.2)
where v0 = v/||v||.
The differential map of Fexpp on op ∈ TpM , DFexppop : TopTpM ' TpM → TpM , is
identity. Indeed,
DFexppop(v) =
d
dt
γv0(t||v||)|t=0 = ||v||v0 = v, (2.3)
holds.
Therefore the next lemma is obtained by inverse function theorem.
Lemma 2.1 ( [13] Lemma 1.4 (3)). We can find a neighborhood U of p ∈ M and a positive
number ε such that Fexpp|Bε(op) is a diffeomorphism onto some open set containing U , where
Bε(op) is an ε−open ball.
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This lemma guarantees the following.
Lemma 2.2. Let (M, g) be a complete Riemannian manifold and let F be a magnetic field
2-form. Then two arbitrary points p, q are connected by a piecewise smooth normal magnetic
curve for the magnetic field F.
In particular, for a two dimensional Riemannian manifold, we have
Lemma 2.3. Let (M, g) be an orientable complete two-dimensional Riemannian manifold and
let Ω is a volume form. Then two arbitrary points p, q ∈M are connected by a piecewise smooth
curve α(t) : I = [a, b] → M such that there is a partition a = t0 < t1 < · · · < tm−1 < tm = b
so that α(t)|[tk−1,tk] is the smooth curve satisfies
∇α˙α˙ = κn, (2.4)
lim
t→tk−1+0
α˙(t) = v+k−1, limt→tk−0
α˙(t) = v−k (2.5)
|v+k−1| = |v−k | = a = const. (2.6)
for all k ∈ {1, · · · ,m}. Here n is the unit vector field on α defined by g(α˙, n) = 0, Ω(α˙, n) > 0
and κ 6= 0 is a fixed constant. We call the curves satisfying the equation (2.4) circles.
Proof. Define the (1, 1)−type tensor field J by g(JX, Y ) = Ω(X, Y ), then (M,J, g) is a
Ka¨hlerian manifold of Ka¨hler form Ω. For a circle that satisfies equations (2.4),(2.5),(2.6), J(α˙)
is in proportion to n since g(Jα˙, α˙) = 0. Moreover, since we have g(J(α˙), J(α˙)) = g(α˙, α˙) = a,
and g(Jα˙, n) = Ω(α˙, n) > 0, thus Jα˙ = an holds. Then the curve α(t) is a piecewise C2 nor-
mal magnetic curve for the Ka¨hler magnetic field F := κ/a3Ω. Therefore we obtain our claim
by lemma.2.2.
Remark 1. In general, the word ”circle” means an arc-length-parametrized curve satisfying
the equation (2.4) [14]
2.2 Killing Magnetic Field and Sasaki Magnetic Field
Let (M, g) be a three-dimensional orientable Riemannian manifold and let B be a divergence
free vector field. For a volume form Ω, the 2-form FB := ιBΩ defines a magnetic field on M
since dFB = divBΩ = 0. This defines a one-on-one correspondence between closed 2-form
fields and divergence free vector fields. Therefore one can identify magnetic 2-form fields and
magnetic vector fields. We would also say that B is the magnetic vector field of the magnetic
field FB. Moreover the Lorentz force of FB is given by φ(X) = X ∧ B, where ∧ indicates
vector product defined by g(X ∧Y, Z) = Ω(X, Y, Z) for all vector field X, Y, Z. Especially, for
a Killing vector field ξ, Fξ is called a Killing magnetic field [4].
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Let (M, η, φ, ξ, g) be a Sasakian manifold whose contact form, endmorphism field, Reeb
vector field and Riemannian metric compatible with the endmorphism field are η, φ, ξ and g
respectively. Sasakian magnetic field is defined by the closed 2-form F := dη. The endmor-
phism field φ gives the Lorentz force since g(X,φY ) = dη(X, Y ).
In particular, in the case of dimM = 3, φ(X) = X ∧ ξ holds for all vector field X, i.e.
the Sasakian magnetic field is a Killing magnetic field described by Reeb vector field ξ(See
Appendix B. Proposition B.2). And we should note that we can regard the Reeb vector field
ξ as a magnetic vector field only in three-dimensional. Magnetic curves in a three-dimensional
Sasakian manifold are studied [4]. Especially, magnetic curves in Sasakian space forms are
classified [5].
A contact metric manifold whose Reeb vector field is a Killing vector field is called
K-contact. Sasakian manifold is K-contact and three-dimensional K-contact manifold is a
Sasakian manifold. However a 2n+ 1(> 3)-dimensional K-contact manifold is not necessarily
Sasakian manifold. And the following is known as necessary and sufficient condition of being
K-contact for an odd dimensional Riemannian manifold.
Theorem 2.1 ( [15] Chapter V Theorem 3.1). For an odd dimensional Riemannian manifold
(M, g), the necessary and sufficient condition of M being K-contact is (1) M admits a unit
Killing vector field ξ, and (2) sectional curvature of arbitrary planes containing ξ are equal to
one. Moreover, the Reeb vector field of the Sasakian structure is ξ.
Proof. See Appendix B Theorem B.1.
Moreover, for a Riemannian manifold that admits a unit Killing vector field ξ, it is known
that sectional curvature of arbitrary planes containing ξ are non-negative [16](see appendix
A) Therefore we have the following.
Corollary 2.1. Let (M, g) be a three-dimensional orientable Riemannian manifold that admits
a unit Killing vector field ξ. If sectional curvature of arbitrary planes containing ξ are non-zero
constant on M, then M is a Sasakian manifold and ξ is the Reeb vector field of the Sasakian
structure.
2.3 Riemannian Submersion
In this subsection we recall some definitions in the Riemannian submersion [18, 19]. A dif-
ferentiable map pi from a Riemannian manifold (M, g) to a Riemannian manifold (B, h) is
a submersion if rank of pi∗ is maximum. Vertical distribution is defined by TM v := kerpi∗
and horizontal distribution TMh is a tangent distribution that is orthogonal to the vertical
distribution. Then a submersion f is called Riemannian submersion if the restriction of pi∗ to
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TMh is an isomorphism. An inverse image of pi defines a submanifold of M, called a fiber.
And we assume that the dimension of fibers is larger than or equal to one. Let Γ(D) be
the linear space of all sections of a distribution D, then the orthogonal direct decomposition
Γ(TM) = Γ(TMh)⊕ Γ(TM v) holds with respect to the decomposition TpM = TpMh⊕ TpM v
for all p ∈M . And we write Γ(TM)c := {X ∈ Γ(TM); pi∗X ∈ Γ(TB)} and then an element of
Γ(TM)b = Γ(TMh)∩Γ(TM)c is called a basic vector field. For X ∈ Γ(TM) and X ′ ∈ Γ(TB),
X is pi−related to X ′ if pi∗X = X ′. If X, Y ∈ Γ(TM)b is pi−related to X ′, Y ′ then the relation
of ∇ and ∇′ is given by
pi∗h∇XY = ∇′X′Y ′, (2.7)
i.e. h∇XY ∈ Γ(TM)b is pi−related to ∇′X′Y ′. Here ∇ and ∇′ denotes Riemannian connections
of (M, g) and (B, h) respectively.
There exists two important tensors characterizing Riemannian submersion. Let h and v
be projection from Γ(TM) to Γ(TMh) and Γ(TM v), respectively. Fundamental tensors A, T
of Riemannian submersion are given by
AEF = h∇hEvF + v∇hEhF, (2.8)
TEF = h∇vEvF + v∇vEhF, (2.9)
for E,F ∈ Γ(TM).
The tensor A satisfies AXY = −AYX = 12v[X, Y ] for X, Y ∈ Γ(TMh), and measures Frobenius
integrability of TMh, i.e. if A = 0 then the horizontal distribution is integrable. And the
tensor T is, if one restricts it on Γ(TM v), a second fundamental form of fibers. The Fibers
are totally geodesic if and only if T = 0, and then we call such a Riemannian submersion a
totally geodesic Riemannian submersion.
A totally geodesic Riemannian submersion defines a fiber bundle [17]. For a totally geodesic
Riemannian submersion, let K be the sectional curvature of M , then the following
K(X, V ) =
||AXV ||2
||X ∧ V ||2 (2.10)
for X ∈ Γ(TMh), V ∈ Γ(TM v), (2.11)
is known. This is a part of O’neill’s formula.
For a curve c : I → M , we can decompose a tangent vector X := c˙ into X(t) = E(t) +
V (t), E ∈ Γ(TMh), V ∈ Γ(TM v). Since we have generally h∇XX = h∇EE + 2AEV + TV V
then, for a totally geodesic Riemannian submersion,
h∇XY = h∇EE + 2AEV, (2.12)
holds.
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2.4 Killing Submersion
Let (M, g) be a Riemannian manifold admits a unit Killing vector field ξ. Then sectional
curvature of arbitrary planes containing ξ are non-negative [16] In particular, if M is an
orientable and dimM = 3 then sectional curvature of an arbitrary plane containing ξ depends
on only an integral curve of ξ [8,9] In detail, for arbitrary vector field X we define a function
τ by
∇Xξ = τX ∧ ξ. (2.13)
We should note that the function τ is independent of the choice of X. Let pi : M → B be a
Riemannian submersion whose fibers are integral curves of ξ. This Riemannian submersion
pi is called Killing submersion. Since the function τ is constant on each fibers, the scalar
function τ defines the scalar function on B, called the bundle curvature of pi. Furthermore,
τ = K(X, ξ) holds, where K denotes sectional curvature of M . We summarized proofs of
these facts in Appendix A.
If pi : M → B is a Killing submersion then length of all fibers are same, finite or infi-
nite( [9] Lemma 2.3). If the basespace is simply connected then two Killing submersions are
bundle isomorphic if length of fibers, bundle curvature and sectional curvature of the bases-
pace are coincide up to isomorphism. Therefore, if the basespace is simply connected, a Killing
submersion is characterized by τ and κ. We denote the total space by M(τ, κ).
3 Characterization of Sasakian Structure from a View
Point of Magnetic Hopf Surfaces
Let pi : M(τ, κ) → B be a Killing submersion of a unit Killing vector field ξ, where τ and κ
are the bundle curvature and sectional curvature of B respectively. Let c(t) : I = (a, b)→M
be a normal magnetic curve for the Killing magnetic field Fξ, where we take b − a small
enough. On the magnetic curve c, the angle θ0 between ξ and c˙ is constant since ∇c˙g(c˙, ξ) =
g(c˙ ∧ ξ, c˙) + g(c˙,∇c˙ξ) = 0. If θ0 6= 0, we call pi−1pi(c(t)) the magnetic Hopf surface generated
by c. Our main theorem is the following.
Theorem 3.1. Let pi : M(τ, κ)→ B be a Killing submersion of a unit Killing vector field ξ and
we assume that M is an orientable simply connected complete three-dimensional Riemannian
manifold with τ > 0. If an arbitrary short enough normal magnetic curve c for the Killing
magnetic field Fξ generates a magnetic Hopf surface of constant mean curvature, then M is a
Sasakian manifold and ξ is the Reeb vector field. 7
Proof. Let c(t) be an enough short normal magnetic curve and put α(t) = pi(c(t)). We
decompose X := c˙(t) into horizontal and vertical direction, and extend suitably so that
X(t) = E(c(t)) + V (c(t)), (3.1)
E ∈ Γ(TM)b, V ∈ Γ(TM v). (3.2)
We assume g(X, ξ) = cos θ0, 0 < θ0 ≤ pi/2. From equation (2.12) we write the horizontal
component of ∇XX = X ∧ ξ for a magnetic curve as
h∇EE + 2AEV = X ∧ ξ. (3.3)
We define the normal vector field N ∈ Γ(TM)b on Σ := pi−1pi(c) such that X ∧ ξ =
sin θ0N . Since g(AEV,E) = −g(V,AEE) = 0, AEV is proportional to N . Moreover, from
equation(2.10), we have ||AEV ||2 = K(E, V )||E||2||V ||2 = τ 2 sin2 θ0 cos2 θ0 and then
AEV = τ sin θ0 cos θ0N,  = ±1 (3.4)
holds. We have g(AEV,N) = g(∇EV,N) = τ ||V ||g(E ∧ ξ,N) = τ ||V ||Ω(N,E, V ) > 0, thus
 = 1 holds. Since X ∧ ξ = sin θ0N we obtain
h∇EE = sin θ0(1− 2τ cos θ0)N. (3.5)
According to [8], for a curve α whose geodesic curvature is kg on B, the mean curvature
of the surface pi−1(α) of M is given by H = kg/2. Putting T := α˙, the mean curvature of
Σ is H = kg/2 = sin θ0(1 − 2τ cos θ0)/2 from pi∗h∇EE = ∇′TT , where ∇′ is the Riemannian
connection of B. From the assumption that the mean curvature of Σ is constant, then τ is
constant along α. Therefore α(t) is a circle or a geodesic on B.
We fix θ0 arbitrary, and we consider only normal magnetic curves c(t) such that g(ξ, c˙) =
cos θ0. Since pi(c(t)) is a magnetic curve on B (or a geodesic on B), Lemma 2.3 (or geodesic
completeness of B) leads to that arbitrary two points of B is connected by piecewise projected
magnetic curves. Then τ is constant on B. Therefore all bundle curvatures coincide and we
obtain our claim by lemma 2.1.
4 Conclusion
We have inspected magnetic fields by motions of charged particles. We approach to this
problem in simple mathematical settings and then we give a characterization of Sasakian
manifold by using the geometric property of the surfaces generated by magnetic field lines
and magnetic curves. For a three-dimensional Riemannian manifold (M, g) that admits a unit
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Killing vector field ξ, we consider the Killing submersion pi : M → B whose fibers are integral
curves of ξ with positive bundle curvature and we regard ξ as magnetic vector field. We show
that if an arbitrary normal magnetic curve c for the Killing magnetic vector field ξ generates
a magnetic surface of constant mean curvature, then M is a Sasakian manifold and ξ is the
Reeb vector field.
A Killing Submersion
In this appendix, we recall some facts in Killing submersion [8, 20] Through this section,
K(X, Y ) denotes the sectional curvature of the plane spanned by X and Y .
Propositon A.1. Let (M, g) be a Riemannian manifold that admits a unit Killing vector
field ξ. Then the sectional curvature of arbitrary planes containing ξ are non-negative and the
integral curve of ξ is a geodesic.
Proof. For an arbitrary point p ∈ M and an arbitrary unit vector X ∈ TpM orthogonal to
ξ, let x(s) be the geodesic starting from the initial point p and the initial direction X, and
the same symbol X denotes x˙. Since a Killing vector field is a Jacobi field for an arbitrary
geodesic, 0 = 1
2
∇X∇Xg(ξ, ξ) = g(∇Xξ,∇Xξ)+g(∇X∇Xξ, ξ) = g(∇Xξ,∇Xξ)−g(R(ξ,X)X, ξ)
holds and then we have the first claim K(X, ξ) = g(R(ξ,X)X, ξ) = ||∇Xξ||2 ≥ 0. And the
second claim follows from 0 = (Lξg)(ξ,X) = ξg(ξ,X)+g(ξ, [ξ,X]) = g(∇ξξ,X)−g(ξ,∇Xξ) =
g(∇ξξ,X)− 12Xg(ξ, ξ) = g(∇ξξ,X) for an arbitrary X.
∇Xξ is proportion to X ∧ ξ since we have g(∇Xξ,X) = g(∇Xξ, ξ) = 0 for an arbitrary
vector field X. Then we have the following.
Propositon A.2. Let (M, g) be a three-dimensional orientable Riemannian manifold that
admits a unit Killing vector field ξ. For an arbitrary vector field X we define the scalar
function τX by
∇Xξ = τXX ∧ ξ, (A.1)
where ∇ is the Riemannian connection with respect to g. Then τ = τX is independent of X.
Proof. Let Ω be a volume form and let {X, Y, ξ} be an orthogonal frame such that Ω(X, Y, ξ) =
1. It is enough to show τX = τY . Since ξ is a Killing vector field, then 0 = g(∇Xξ, Y ) +
g(∇Y ξ,X) = τXΩ(X, ξ, Y ) + τY Ω(Y, ξ,X) = −τX + τY holds.
Propositon A.3. In the above settings, τ 2X = K(X, ξ) holds.9
Proof. Since integral curves of ξ are geodesics, the Riemannian submersion with respect to ξ
is a totally geodesic Riemannian submersion, then we have K(X, ξ) = ||AXξ||2 from O’Neill’s
formula(2.10). Since we have g(AXξ,X) = g(AXξ, ξ) = 0 and g(AXξ, Y ) = g(∇Xξ, Y ) =
τXΩ(X, ξ, Y ) = −τX then AXξ = −τXY holds. Therefore K(X, ξ) = τ 2X holds.
From above two propositions we obtain the following.
Propositon A.4. Let (M, g) be a three dimensional orientable Riemannian manifold that
admits a unit Killing vector field ξ, and let pi : M → B be a Riemannian submersion whose
fibers are integral curves of ξ. Then τ defined above is a function on B.
B Sasakian Manifold
In this section we summarize some definitions and facts about Sasakian manifold [15] Sasakian
manifold is often considered as an analogy of Ka¨hlerian manifold in an odd dimension.
First we introduce almost contact and almost contact metric manifold. These are an
analogy of almost complex and almost Hermite manifold respectively. On a 2n+1 dimensional
Riemannian manifold M , if there exists (1, 1)−type tensor field φ, 1-form η and vector field ξ
such that
φ2 = −I + η ⊗ ξ, (B.1)
η(ξ) = 1, (B.2)
then this triple (φ, η, ξ) is called an almost contact structure and M is called an almost contact
manifold. And then we also have φ(ξ) = 0, η ◦ φ = 0, rankφ = 2n. The vector field ξ is
called Reeb vector field of the almost contact structure (φ, η, ξ). Moreover, if there exists a
Riemannian metric g of M satisfies
g(φX, φY ) = g(X, Y )− η(X)η(Y ), (B.3)
for all vector field X, Y , the 4-tuple (φ, η, ξ, g) is called an almost contact metric structure,
and M is called an almost contact metric manifold. In equation (B.3), setting Y = ξ, we
obtain η(X) = g(X, ξ).
For an almost contact metric manifold (M ;φ, η, ξ, g), we define the 2-form F by F (X, Y ) :=
g(X,φY ). This is called a fundamental 2-form. If F = dη holds, (M ;φ, η, ξ, g) is called a
contact metric manifold. This is an analogy of an almost Ka¨hlerian manifold. On a contact
metric manifold (M ;φ, η, ξ, g), if Reeb vector field ξ is a Killing vector field with respect to g
then M is called K-contact. 10
For an almost contact manifold (M ;φ, η, ξ), we can consider a direct product manifold
M × R. We can define an almost complex structure J on M × R by
J(X + f∂t) = φX − fξ + η(X)∂t. (B.4)
Here X, f and ∂t are a vector field on M , a scalar function on M ×R and coordinate base of
R, respectively. If J is integrable then an almost contact structure is called normal. Moreover,
if an almost contact structure of a contact metric manifold is normal then the contact metric
manifold is called Sasakian manifold. The following equivalent definition is often useful.
It is known that, for an almost Hermite manifold (M ; J, g), ∇J = 0 is equivalent to being
a Ka¨hlerian manifold, where ∇ is the Riemannian connection with respect to g. Similarly, for
an almost contact metric manifold (M ;φ, η, ξ, g), the condition
(∇Xφ)Y = g(X, Y )ξ − η(Y )X, (B.5)
is equivalent to being a Sasakian manifold. From this we have the following.
Propositon B.1. A Sasakian manifold (M ;φ, η, ξ, g) is K-contact.
Proof. In equation (B.5) we put Y = ξ then we have −φ∇Xξ = η(X)ξ − X since φ(ξ) = 0.
And we obtain ∇Xξ = −φX by acting φ on both hand sides of it. Therefore g(∇Xξ, Y ) +
g(∇Y ξ,X) = −g(φX, Y )− g(φY,X) = 0 holds.
The converse holds only in three-dimension [21]. Moreover, the following condition is known
as necessary and sufficient condition of being K-contact for an odd dimensional Riemannian
manifold [15].
Theorem B.1 ( [15] Chapter V Theorem 3.1). For an odd dimensional Riemannian manifold
(M, g), the necessary and sufficient condition of M being K-contact is (1) M admits a unit
Killing vector field ξ, and (2) sectional curvature of arbitrary planes containing ξ are equal to
one. Then ξ is a Reeb vector field of the contact metric structure.
Proof. We assume (g, ξ, η, φ) is K-contact. Since ξ is a Killing vector field, we have R(X, ξ)Y =
∇X∇Y ξ−∇∇XY ξ. Then we obtainR(X, ξ)ξ = −∇∇Xξξ = −φ2X by putting Y = ξ. Therefore,
for an arbitrary unit vector X orthogonal to ξ, K(X, ξ) = g(R(X, ξ)ξ,X) = −g(φ2X,X) =
g(φX, φX) = g(X,X) = 1 holds.
Conversely we assume the conditions (1),(2). We define η(X) := g(X, ξ), φ(X) := −∇Xξ
and K(X, ξ) denotes the sectional curvature of plane spanned by X and ξ. For an arbitrary
unit vector X orthogonal to ξ, since 1 = K(X, ξ) = g(R(X, ξ)ξ,X) = g(−φ2X,X), we have
φ2X = −X. Therefore φ2 = −I + η ⊗ ξ holds since φ(ξ) = 0. And from g(φX, φX) =
g(∇Xξ,∇Xξ) = ||AXξ||2 = K(X, ξ)||X||2 = g(X,X), we obtain the equation (B.3). Fi-
nally, for arbitrary vector fields X, Y , we have 2dη(X, Y ) = Xη(Y ) − Y η(X) − η([X, Y ]) =
g(∇Xξ, Y )− g(∇Y ξ,X) = 2g(∇Xξ, Y ) = 2g(X,φY ).
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Finally we show a Sasakian magnetic vector field of a three-dimensional Sasakian manifold
coincides the Reeb vector field. For a three-dimensional almost contact metric manifold, the
same holds ( [4]Prop5.1)
Propositon B.2. In a three-dimensional Sasakian manifold (M ;φ, η, ξ, g) with the volume
form Ω, g(X,φY ) = ιξΩ(X, Y ) holds.
Proof. We have τ 2 = 1 in ∇Xξ = τX ∧ ξ. We can take a suitable orientation such that the
bundle curvature τ = −1. Then g(X,φY ) = −g(X,∇Y ξ) = −g(X, τY ∧ ξ) = Ω(Y, ξ,X) =
ιξΩ(X, Y ) holds.
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